Inverse Functions

In order to find the inverse of a function, we interchange
the x and y, then solve the resulting equation for v. This
switches everything about the two variables: the domain of
the function becomes the range of the inverse, and the
range of the function becomes the domain of the inverse,
for every point on the graph of the function (a, b) an image
point (b, a) exists for the inverse, horizontal features for
the function become vertical for the inverse, vertical
features of the function become horizontal for the inverse,
etc. The graphical meaning of the inverse is that the graph
of the inverse 1s a reflection of the graph of the function
over the line y =x. Consider grapmcally the squaring
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In order for the inverse to be a function, the original function
must be one-to-one, that 1s, for each value of x there can be only
one value of ¥ (the definition of a function), but also that for each
value of y there 1s only one x value. One can test the first
condition graphically using the vertical line test, and the second
condition can likewise be tested using the sorizontal line test.
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Find the inverse of the functions below, making any domain
restrictions needed to make the inverse be a function.
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If / is a one-to-one function that is continuous on an interval,
then its inverse f  is also continuous.

We have now reviewed exponential functions and inverse
functions. Now we'll put those two concepts together.
Consider the function f{(x)=a* What isitsinverse?
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An algebraic test for inverses is that if / and g are inverses, then

f(g(x)=g(s(x))=x

Consequently, log, (a’ ) =x and 4" =x



Properties of Logarithms

log,(xy)=1log, x+log, y
x

log, {—) =log x—log, y
y

log, (x’ ) =rlog_x

The natural logarithm is the inverse of the exponential function
with base e, 1.e.,
log, x=Inx

Change-of-Base Formula

o Inx
For any positive a not equal to one, log_ x= na
a



Inverse Trigonometric Functions

Now that we have studied inverse functions, we can add the
trigonometric functions to the list of functions whose inverse
we can find.

Consider the sine function. Isit one-to-one? £,

Graph the and its inverse as afrelationband asa
m El@(ﬂg 'q‘bf‘ 'f“(’_'ﬁ{""lt“":‘\.j -H\Ld.gmrh.
Rt{‘tfn 'l’l\(' gj\.-Hhe, ‘r‘cx\ﬁ{ Op +L¢-‘(:IICLM
I .
X . S’ma af Clse fo 2ep ag PaSSIUQ..

T 3 Cyfuc .gz;m,,{ 84,-00( ey AR

2 . Y 0,-’ OP?S)PI

Thv or '\_b)f—*\'dﬂ(? Chaole. e )bUSFHVE.
What restriction can we make so that it 1s one-to-one?
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Evaluate sin' {g) = Q Evaluate sec(Arcsin (i ): Sec H
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